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We investigate mesons and diquarks as resonant states above chiral critical temperature Tc in 
flavor SU(2) Nambu-Jona-Lasinio model. For each kind of resonance, we solve the pole equation 
for the resonant mass in the complex energy plane, and find an ultimate temperature where the 
pole starts to disappear. The phase diagram including these limit temperatures in T — plane is 
obtained. The maximum limit temperature at = is approximately two times Tc. 
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From the collective phenomena observed in high en- 
ergy heavy ion collisions at RHIC, the formed new 
matter is not a weakly coupled quark-gluon plasma 
(QGP), but in a strongly coupled region^. Theoreti- 
cally, the lattice theory^] and the perturbative resum- 
mation techniques^, 0| have told us that QCD matter 
at temperatures not far above Tc, where Tc is the crit- 
ical temperature for deconfinement and chiral restora- 
tion phase transitions, is not a perturbative QGP. Since 
the interaction is strong enough, there might be glue- 
balls, mesons, diquarks and baryons in the system at 
temperatures T > Tc. Recently, the meson mass above 
Tc is studied through lattice calculation in chiral limit 
the multibody bound states are discussed via variational 
approach "g^, and the lattice baryonic susceptibility is ex- 
plained with a picture including baryons at T > Tc0. 
If these composite states of quarks and gluons do exist 
above Tc, they should be melted away when the temper- 
ature of the system is high enough. Therefore, a natural 
question one asks is what the ultimate temperature for 
the composite states is. 

In the idealized case at asymptotically high baryon 
density, the phase transitions and the related new mat- 
ters have been widely discussed from first principle QCD 
calculations!^. For the region above but close to the 
phase transition line, the study depends on effective 
models. It is well-known that the Nambu-Jona-Lasinio 
(NJL) model 01 applied to quarks offers a simple but ef- 
fective scheme to study chiral s ymm etry restoration |lO) , 
color superconductivitvprl 113. uA. iWL llq . and pion 
superfluidity 17. 1§| at finite temperature and moderate 
number densities. In the chiral restoration phase, the 
quarks keep massless, and the massive mesons and di- 
quarks can decay into quark-antiquark and quark-quark 
pairs. Therefore, the mesons and diquarks above Tc are 
not stable bound states, but rather resonant states, the 
pole equations for meson and diquark masses should be 
regarded in their complex forms in order to determine 
the resonant masses and widths self-consistently. This 
was done for mesons in the case without considering color 
superconductivitv|l9l l20l|. In this paper, we discuss the 
effect of chiral restoration and color superconductivity 
on the meson and diquark resonances above Tc, and try 
to extract the ultimate temperatures of these resonances 



from the thermodynamics of the NJL model. 

The flavor SU{2) NJL model is deflned through the 
Lagrangian density. 



.cil^'e^'e^^^^'ip) , (1) 



where fi is the quark chemical potential, Gg and Gd 
are coupling constants in color singlet channel and anti- 
triplet channel, r — {ti,T2,T3) are Pauli matrices in the 
flavor space, and and eap-y are totally antisymmetric 
tensors in the flavor and color spaces. 

The quark-antiquark and diquark condensates which 
are order parameters of chiral and color superconductiv- 
ity phase transitions, respectively, are defined as 

fT = -2G,(V;V), A^~2Gd{i^'icij'e''e"^^,0), (2) 

where it has been regarded that only the first two colors 
participate in the diquark condensate, while the third one 
does not. In mean field approximation, the two conden- 
sates as functions of T and /j are determined by the gap 
equations 0, 



a{l-2GsIi) = 0, A(l-2Grf/2) = 0, 
with the functions Ii and I2 defined as 
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where E^ = \J {E^^' + are the energies of the ef- 



fective quarks which participate in the diquark conden- 
Ep ± fi with Ep = 



p2 -I- M| and quark 



sate, Ep — 

mass Mq — a are the energies of the other quarks 
which are not involved in the diquark condensate, and 
Ep,Q = / Sa=± includes momentum integration 
and energy summation. The two gap equations (O de- 
termine self-consistently the chiral and color supercon- 
ductivity phase transition lines in the temperature and 
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chemical potential plane, which are, respectively, shown 
as dashed and dot-dashed lines in Fig^ In the following 
we focus on the meson and diquark properties above the 
chiral critical temperature Tc where a keeps zero, while 
A is zero in normal phase but finite in color supercon- 
ductivity phase. 

In the NJL model, the meson and diquark modes are 
regarded as the poles of their effective propagators con- 
structed by the mean field auarks pl]lll9ll20| . When the 
quark propagator in Nambu-Gorkov space is diagonal in 
normal phase, the summation of bubbles in RPA selects 
its specific channel by choosing at each stage the same 
proper polarization function, any of the four mesons and 
six diquarks is related to its own polarization function 
onlv[l(l ll8ll2(l |. However, when the quark propagator is 



with off-diagonal elements in the phase of color supercon- 
ductivity, we must consider carefully all possible channels 
in the bubble summation in RPApiill^. 

The mesons cr, 7r_|- , tt^ , ttq are the eigen models of the 
system in any phase, the degenerated mass Mm is deter- 
mined through the pole equation 

l-2G,n,„™(fco) =0, (5) 

with the meson polarization function 

n™™(/co) -/i+4fc2j(A:o), (6) 

where I\ is related to the gap equations © and the func- 
tion J(A:o) is given by 
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Since the diquarks condense only in the color 3 direc- 
tion, see the definition of the diquark condensate (0), the 
color symmetry is spontaneously broken from SU(3) to 
SU(2) in color superconductivity phase. While the mass 
Md of the four diquarks di, d2, di and ^2, constructed by 
the quarks with colors 2 and 3, 1 and 3, 1 and 3, and 2 
and 3, is characterized only by the diquark polarizations 
ndd(fco) and lijdika) in any phase. 



(1 - 2Gdndd{ko)) (1 - 2Gdn^(fco)) = 0, 



(8) 



the diquarks ds and ds, constructed by the quarks with 
colors 1 and 2, and 1 and 2, are no longer the eigen modes 
of the system in color superconductivity phase, the new 
eigen modes are the liner combinations of ^3 and d^ , and 
their mass is controlled by the diagonal and off-diagonal 



elements, 

1 - 2GdTld,d, (fco) -2G<jn^ ^ (ko) 



2G,n^^,^(A:o) l-2G,n^3^^(fco) 
with the diquark polarization functions 



0, (9) 



Tlddiko) = n^(-fco) = I2- SkoKiiko) + AklK2iko), 

= I2 + SkoKM + 4 - 8A2) ^^4(^:0), 
",3^3(^0) = n^3,3(fco) = 8A2i^4(fco), (10) 

where I2 is related to the gap equations Q and the func- 
tions Ki{k(j) are defined as 



J 



K2ikQ) = 
Ksiko) = 



4 ^ 



a 



El 
El 



' 2^ E 



A 



tanh 



2T 



tanh 



tanh -f tanh 



kl {E- 



E° 



tanh 



2T 



Elkl 



A{E%Y 



ElY 



2T 



{E- + Eiy 



El 
El 



tanh — tanh 



/r2 



[E? 



El) 



tanh 



2T 



tanh 



2T 



k"^ 



{E? 



El) 



K4k„) = -J2 



tanh 



2T 



Elkl~A{ElY 



(11) 



It is easy to check that, the pole equation is reduced With the help of the gap equation in color supercon- 
to © for A = in normal phase. ductivity phase, 1 — 2Gd/2(0, A) — 0, the mass equation 
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for the diquarks di , ^2 , di and o?2 is simplified to 

fco' (fco'i^K^o) - ^K^i(ko)) = 0. (12) 

Obviously, one solution is fcg = 0, and the nonzero root 
is determined by 



(13) 



Similarly, the mass equation ^ for the two new eigen 
modes in color superconductivity phase is reduced to 



fcg ((fc2 _ 4A2)i^|(fco) - 4i^|(fco)) = 0. 



(14) 



sees that this corresponds to solving the conditions 

Ml - {ImMi{AU,)/2AUf - ReMi{M^) - 0, 
r,„ - -/mA^i(M„)/A/,„ (17) 

for the meson mass Mm and width Fm, 

Ml - (im (M2{Md) T ^M^iMd)) I^M^ 

-Re (^M2{Ma) ± VM-M)) = 0, 
Td = -Im(^M2{Md)TVMM))/Md (18) 



Again, one of its solution is kg — 0, and the nonzero root 
is calculated through 



for the masses Md and widths Td of the two triple degen- 
erated diquarks in normal phase, and 



(k^ - 4A2)if|(fco) - 4if|(fco) = 0. 



(15) 



Therefore, there are three massless diquarks and three 
massive diquarks in color superconductivity phase. Two 
of the massive diquarks determined by H13|l are degener- 
ated and very light, and the other massive diquark con- 
trolled by l(T^ is heavy. Taking into account the Higgs 
mechanism, the three massless and the double degen- 
erated light diquarks will be eaten up by gauge fields, 
only the heavy diquark is left in color superconductivity 
phase. In the following, we consider the four mesons in 
normal and color superconductivity phases, the six di- 
quarks in normal phase, and the heavy diquark in color 
superconductivity phase. 

Above Tc any of the mass equations should be regarded 
in its complex form at 



fco = M - ir/2 



(16) 



in order to determine the resonant mass M and width 
r self-consistently. From the above pole equations, one 



A/2 - {ImMi{Md)/2Mdf - ReMi{Md) = 0, 



Td 



^ImMi{Md)/Md 



(19) 



for the mass Aid and width Yd of the heavy diquark in 
color superconductivity phase, where the complex func- 
tions Mi are defined as 
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The real parts ReJ and ReKi are just the functions J 
and Ki themselves, and the imaginary parts ImJ and 
ImKi can be written as 
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with the S functions Si = 6{ko — 2Ep),S2 — S{ko 



2EI), Sf - Siko - (E^ ± E^)), and = S{ko ± [E^ 



A 



aE^)) corresponding to energy conservations for differ- 
ent decay channels. In deriving (|17|l . (|18|l and (|19|l . we 
have assumed that the imaginary part F in A^i may be 
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neglected, so that the equations for M and F are decou- 
pled. 

In chiral limit there are three parameters in the NJL 
model, the momentum cutoff A and the two coupling 
constants Gs and Gd- A and Gs can be fixed through 
fitting the constituent quark mass and pion decay con- 
stant in the vacuum, which leads to A = 0.65 GeV and 
Gs = 5.01 (GeV)-2^]. While one can not fix Gd, we 
can determine its low and high limits by taking into ac- 
count the physical constraints on the diquark mass in the 
vacuumHj, G^^" < Gd < G^f"^ with G'J"" ~ 0.8G^ 
and G^"""^ = 1.5G,.. 

It is now ready to calculate the resonant masses and 
widths above the chiral phase transition line. At the crit- 
ical temperature where one has 1 — 2Gs/i(0, A) — 0, 
the pole equation for the meson mass is reduced to 
koJiko) — 0, and the solution is fcg = 0. Therefore, 
the degenerated meson mass evolves with starting value 
Mm{Tc) = 0, reflecting correctly the chiral property at 
the critical point. From our numerical calculation, the 
meson mass goes up monotonously with increasing tem- 
perature, and finally ends at a maximum temperature Tr 
where there is no more root for the complex mass equa- 
tion and the pole of the meson propagator disappears. 
This limit temperature as a function of fi is plotted as 
a solid line in Fig^ in the case without considering the 
diquark channel. The mesons are in bound states at low 
temperature T < Tc, but in resonant states in the re- 
gion Tc < T < Tr- The maximum limit temperature 
Tr{0) is about two times the chiral critical value Tc{0). 
Above the limit temperature T^., the meson resonances 
disappear and there are only quarks in the system. 

Including the diquark channel, we calculated the me- 
son and diquark masses and widths as functions of T 
and for Gd = G™"' and Gd — Gs- For each kind of 
resonance, there exists an ultimate temperature where 
the pole of the corresponding propagator vanishes, and 
the resonance disappears from the system. These limit 
temperatures as functions of /i are shown in Fig^ and 
c as solid lines. The dashed and dot-dashed lines are 
the phase transition lines for the chiral restoration and 
color superconductivity calculated through the gap equa- 
tions @. The symbols M,MDl,MDh and MDlDh 
in normal phase indicate the resonant regions with only 
mesons, mesons and light diquarks, mesons and heavy 
diquarks, and mesons and light and heavy diquarks, re- 
spectively, and MVh means the meson and heavy di- 
quark resonances in color superconductivity phase. 

In normal phase, the limit temperature for mesons is 
independent of the coupling Gd, while the regions with di- 
quark resonances depend strongly on the strength of Gd- 
The light triple degenerated diquarks can be generated 
at any possible Gd, but the heavy triple degenerated di- 
quarks are created only in the case with strong coupling. 
In color superconductivity phase, the heavy diquark left 
can be produced everywhere at any coupling Gd- Com- 
pared with the case without considering diquark channel 
shown in Fig^, the resonant states in Fig^Jj and c at 
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FIG. 1: The critical temperatures for chiral phase transition 
(dashed lines) and color superconductivity (dot-dashed lines) 
and the limit temperatures (solid lines) for meson and di- 
quark resonances as functions of chemical potential at cou- 
pling constant Gd = (a), G™'" (b), and Gs (c). The sym- 
bols M,MDl,MDh and MDlDh in normal phase indicate 
the resonance regions with only mesons, mesons and light di- 
quarks, mesons and heavy diquarks, and mesons and light and 
heavy diquarks, respectively, and MT^h means the region of 
meson and heavy diquark resonances in color superconductiv- 
ity phase. 



high baryon density can exist in a wider region, due to 
the contribution from the diquark condensate. When the 
temperature of the system is higher than the maximum 
of the limit temperatures, all the resonances disappear, 
and there are only quarks in the system. 

In summary, we have investigated the meson and di- 
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quark resonances in a strongly interacting quark matter 
above but close to the chiral critical temperature in the 
NJL model. Above Tc, the massive mesons and diquarks 
can decay into two massless quarks and become resonant 
states. In mean field approximation to quarks and ran- 
dom phase approximation to mesons and diquarks, we 
derived the pole equations for the resonances in com- 
plex energy plane. For each kind of massive resonances, 
there exists a limit temperature where the pole dis- 
appears and the resonances are melted in the hot and 
dense quark matter. The maximum limit temperature 



at ^ = is approximately two times Tc, which agrees 
well with the estimated critical temperatures for mesons, 
diquarks and baryons in lattice and phenomenological 
calculations 0, 0, lal- In color superconductivity phase, 
the meson and heavy diquark resonances are survived 
everywhere. 
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